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Abstract. We construct nonlinear coherent states or f-deformed coherent states 
for a nonpolynomial nonlinear oscillator which can be considered as placed in the 
middle between the harmonic oscillator and the isotonic oscillator (Carinena J F et 
al, J. Phys. A: Math. Theor. 41, 085301 (2008)). The deformed annihilation and 
creation operators which are required to construct the nonlinear coherent states in 
the number basis are obtained from the solution of the Schrodinger equation. Using 
these operators, we construct generalized intelligent states, nonlinear coherent states, 
Gazeau-Klauder coherent states and the even and odd nonlinear coherent states for 
this newly solvable system. We also report certain nonclassical properties exhibited 
by these nonlinear coherent states. In addition to the above, we consider position 
dependent mass Schrodinger equation associated with this solvable nonlinear oscillator 
and construct nonlinear coherent states, Gazeau-Klauder coherent states and the even 
and odd nonlinear coherent states for it. We also give explicit expressions of all these 
nonlinear coherent states by considering a mass profile which is often used for studying 
transport properties in semiconductors. 
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1. Introduction 

In a recent paper Carinena et al pQ have considered the potential, 

which can be considered as placed in the middle between the harmonic oscillator 
and the isotonic oscillator potentials and shown that in a particular case, namely 
g a = 2cua 2 (l + 2ua 2 ), a 2 = | and lo — 1, the associated Schrodinger equation, 

d 2 ^(x) m f 2 8(2x 2 -l) ^ 



cfe 2 k 2 \ (2x 2 + 1) 2 . 

is exactly solvable. The authors have obtained the eigenfunctions in terms of "P-Hermite 
functions (defined in Eq. flA.4]) ). namely 

Vn(rc) = jV „ 7^ e~T, n = 0,3,4,..., (3) 

where the normalization constant is given by 

\{n- l)(n-2)l 1/2 
N n = ± ; , v _ ; , n= 0,3,4,.... 4 

It is noted that while solving the Schrodinger equation ([2]) the constants (h, mo) have 
been taken as one for the sake of simplicity. The energy spectrum is given by 

E n =-^ + n (5) 

which shows that the ground state (ipo) has an energy Eq which is lower than that of 
the pure harmonic oscillator case [T] . Consequently the above quantum exactly solvable 
potential was analyzed in different perspectives. In the following, we briefly summarize 
the activities revolving around this inverse square potential. 

To start with Fellows and Smith have shown that the solvable potential considered 
by Carinena et al is a supersymmetric partner potential of the harmonic oscillator 
[2]. In a different study, Kraenkel and Senthilvelan, have considered the exactly 
solvable potential given by Carinena, and obtained a different class of exactly solvable 
potentials by transforming the Schrodinger equation (j2J) into the position dependent 
mass Schrodinger equation and solving the underlying equation. They have also given 
bound state energies and their corresponding wavefunctions for the potentials they have 
considered [3]. 

The coherent states [4J for the position dependent mass Schrodinger equation was 
then constructed recently by the present authors [5] with an illustration of the above 
exactly solvable nonlinear oscillator. In a very recent paper, Sesma, has considered 
the Schrodinger equation associated with the potential (OQ) and transformed it into a 
confluent Heun equation and solved it numerically |6] . For certain specific values of the 
parameters the author has also constructed quasi-polynomial solutions. 



Nonlinear coherent states 



3 



The aim of this paper is to make some progress in constructing nonlinear coherent 
states for the Schrodinger Eq. (j2J) and bring out their statistical properties [7]. We 
also construct nonlinear coherent states for the position dependent mass Schrodinger 
equation associated with this nonlinear oscillator. Nonlinear coherent states are 
defined as the eigenstates of an operator af(n), which satisfy the eigenvalue equation 
af(n)\a, f) = a\a, f), where f(n) is an operator-valued function of the number operator, 
n = a^d, and they are nonclassical [8]|9]. Nonlinear coherent states were first introduced 
explicitly in de Matos Filho and Vogel pU] and Man'ko et al [H] but before them they 
were implicitly defined by Shanta et al [12] in a compact form (see also Ref. [13]). In the 
consequent years these states have been studied in depth and shown to exhibit several 
nonclassical properties including squeezing, amplitude-squared squeezing, higher order 
squeezing , anti-bunching, sub-Poissonian statistics and oscillatory number distribution 
[TH - fT8] . A veritable explosion of activities occurred in the past two decades in the study 
of nonlinear coherent states and their underlying properties [T9|[20]. 

It is known that once suitable deformed ladder operators are found then the 
nonlinear coherent states can be constructed in a straightforward manner for the given 
quantum system. As we pointed earlier the authors in [2] have obtained the ladder 
operators for ([2]) through the supersymmetric technique and shown that the operators 
are related to the intertwining between the Hamiltonian fl2]) and the harmonic oscillator. 
In this work we build the deformed ladder operators from the solution of the Schrodinger 
equation [2Tjl2"2] and show that these operators satisfy the necessary requirements, 

A\n) oc \n — 1), 

i f |n) oc|n + l), (6) 



to construct the nonlinear coherent states in Fock space representation [23H25] . To 
construct these operators we derive two new recurrence relations solely in terms of 
the P-Hermite polynomials (vide Eqs. ( 1A.12I) and ( 1A.16I) ). We then rewrite these 
two recurrence relations suitably and extract the necessary creation and annihilation 
operators. 

Interestingly, we find that the intensity dependent function f(n) has zeroes at 
n = 1 and 3. Hence, the Fock space breaks up into a countable number of irreducible 
representations [TT]. These reduced pieces will not allow a unitary representation [26J. 
System ([2]) may be considered as an example for the theory proposed in Refs. [TT|[26]. 

From the deformed ladder operators, we construct generalized intelligent states. 
To do so we introduce two Hermitian operators, say W and P in terms of deformed 
annihilation and creation operators, related to the uncertainty relation [27J [28] 
(AW) 2 (AP) 2 > \{G) 2 with G = i[W, P\. The states which satisfy the equality relation 
in the above uncertainty relation are called the intelligent states [29H3Tj . They also 
represent the squeezed states [Hj. We then construct nonlinear coherent states by 
taking A = 1 in the generalized intelligent states. We also study certain Hilbert space 
properties and nonclassical properties for this quantum system. From the deformed 
Hamiltonian corresponding to this function e n = nf 2 (n), we construct the Gazeau- 
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Klauder coherent states which are defined as coherent states that also saturate the 
Heisenberg-uncertainty relation. We also construct even and odd nonlinear coherent 
states |32j[33]. Motivated from the recent developments in the study of the position 
dependent mass Schrodinger equation, we also construct nonlinear coherent states for 
the exactly solvable position dependent mass Schrodinger equation associated with the 
Eq. ([2]). Finally, we consider a specific mass profile which is quite often used to study 
transport properties in semiconductors and give explicit expressions for all the coherent 
states we have considered (MIES]- The results given in this paper give further insights 
into the geometrical properties exhibited by this system. 

This paper is organized as follows. In Sec 2, we discuss the method of finding 
deformed annihilation and creation operators in the number basis for the nonlinear 
oscillator. In Sec 3, we construct the generalized intelligent states for this nonlinear 
oscillator. In Sec 4, we construct the nonlinear coherent states for this oscillator and 
show that the states satisfy completeness condition. We then deduce certain statistical 
properties associated with the nonlinear coherent states. In Sec 5, we construct Gazeau- 
Klauder coherent states for this nonlinear oscillator and bring out their statistical 
properties. In Sec 6, we derive even and odd nonlinear coherent states for this system. 
In Sec 7, we consider the position dependent mass Schrodinger equation associated with 
this inverse type potential and construct the nonlinear coherent states for it. We also 
illustrate the theory with an example. Finally we present our conclusions in Sec. 8. In 
Appendix, we present the derivation of two recurrence relations which are essential to 
construct the ladder operator for this system (j2J). 



2. Ladder operators 



We consider Eq. (j2J) as the number operator equation after subtracting the ground state 
energy E = -\ 

h\n) = n\n) (7) 

and address the problem of finding deformed creation (A*) and annihilation operators 
(A) for the given wave function [2T] . 

To begin with recall the two recurrence relations, ( 1A.12I) and ( 1A.16I) . Multiplying 

x 2 

each of them by N n e T / (I + 2x ) and substituting ((3]) and its derivative in them and 
rewriting the resultant expressions suitably one can reexpress the recurrence relations 
in terms of the wavefunction ip n . The resultant expressions read 



n — 1 



n + 



2(2x 2 - 1) 
" (l + 2x 2 ) 2 

2{2x 2 - 1) 
(1 + 2x 2 ) 2 



nx — d> + 



2{2x 2 - 1) 
(1 + 2x 2 ) 2 ' 



nx — 



2(2x 2 - 1) 
1 + 2x 2 ) 2 ^_ 



ipn = \/2n{n - l)(n - 3)^n-i, (8) 
: y/2(n + l)n(n - 2)^„+i, (9) 



where prime denotes differentiation with respect to x. 
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From these expressions one can extract the deformed annihilation, A and creation 
operators, (A') of the form 

~2(2x 2 - 1) 



V2A 



_(l + 2x 2 ) 2 
2(2x 2 - 1 



- 1 



d 
dx 



+ 



d 

~r + x 

dx 



n. 



d_ 

dx 



+ 



d 

-— + x 

dx 



n. 



(l + 2x 2 ) 2 

These deformed ladder operators A and A* satisfy the relations 

A\n) = \fn f(n) \n — 1), 

ft\n) = VnTl f(n + 1) \n + 1), 



(10) 



11^ 



(12) 
(13) 



with f(n) = y/(n — l)(n — 3). Hence, the creation and annihilation operators in the 
Fock space for the Schrodinger equation (JTj) can be written as 

1 . + t + 1 



A- 



(14) 



f(nY " f(n + l) 

which in turn satisfy the following relations 

a\n) = \/n \n — 1), 

d)\n) = y/n + 1 \n + 1). (15) 

Thus we obtain the Heisenberg algebra in the number basis |n) through the set of the 
elements (a, a) and I) satisfying the identities 

[a, a']|n) = |n), [a, n]|n) = — a|n), [a', n]|n) = a'|n), (16) 



where n 



3. Generalized intelligent states 

We define two Hermitian operators, W and P, in terms of the deformed creation and 
annihilation operators, A^ and A, 



W = ±=(A + tf), P=-^(it_i), (17) 

which also satisfy the commutation relation [W, P] = iG. It has been shown that 
the Hermitian operators W and P satisfying this non-canonical commutation relation, 
the variances, (AH 7 ) 2 and (AP) 2 , satisfy the Heisenberg uncertainty relation [27] 
(AH / ) 2 (AP) 2 > \{G) 2 . The generalized intelligent states are obtained when the equality 
in the Heisenberg uncertainty relation is realized |30j . The generalized intelligent states 
satisfy the eigenvalue equation 

(W + iXP)\ip) = V2a\i/)), A,aGC. (18) 

It is proved that the parameter A in (TlBl is determined by |A| = f£jQ and can be 
interpreted as the control parameter for the squeezing effect in the states \ip). 
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To solve the eigenvalue Eq. (ITS]) , we invoke the definition (fT7|) so that the eigenvalue 
equation ([TBI becomes 

(1 - A)i f + (1 + A)i] |^> =2a|V). (19) 
We assume |?M be of the form 



f, A) = ^c n |n), n^l,2, 



(20) 



n=0 



where the coefficients, c n 's, n = 0, 3, 4, 5, .., determined by f|T9|) . Substituting Eq. (120]) 
in f JT9|) . we get 



[1-X)J2 c n A ] \n) + (1 + A) J2 c nMn) = 2a c n\n). 



(21) 



n=0 



ra=0 



n=0 



Equating the coefficients of ip n in the above Eq. ( 121]) yields 



(1 - X)y/n(n - l)(n - 3) c n _x + (1 + A)\/(n + l)n(n - 2) c n+1 = 2ac„. (22) 

From (I22p . we find Co = 0. To obtain the value of other coefficients q 's, i = 
3, 4, 5, . . . , n, we rewrite Eq. (f22l) of the form 

c n _i , / : - ^ , ,,c n+ i 2a 



— + vV+T /(n + 1)^ 
-+• A) c n c, 



Defining B n 



Cn + l 



and S n _! = Eq. 



(1 + A)- 
can be brought to the form 



-Br, 



VnTT/(n + l) 



2a 



;i+a) 



+ 



A - l\ n/ 2 (n) 



A + 1 / B n _i 



(23) 



(24) 



Eq. (J21]) can be reutilized to express -£>„_i in terms of B n _ 2 and -B n _2 in terms of B n _ 3 
and so on. Substituting all these expressions in ( !24l) one arrives at 



Vr7+lf(n + 1) 



2a 

TTa 



+ 



2a 
1+A 



+ 



;^)(n-l)/*(n-l) 



(25) 



1+^^ 2a 
1+A 



+ 



+ . 



2a | (w)W/ 2 ( 4 ) 
1+A 



1+A 



Thus starting from the definition c n = B n _\c n -\ one finds that all the coefficients in the 
series, (1201) . c' n s, n = 4, 5, 6, . . ., can be expressed in terms of c 3 , that is 

c n = B n _ 1 B n _ 2 B n - 3 ...B 3 c 3 = B n -i ] -c 3 , n = 3,4,5, , (26) 

with B 2 \ = 1. As a consequence one can express \ip) of the form 



a 



/,A> = C 3^£n-i!|n>. 



(27) 



n=3 



In order to compare (1271) with the latter expressions given in the paper we redefine 
the constants, B n _i\, n = 3, 4, 5, . . ., as 



# n _i! 



n\f{n)\ 



(28) 



Nonlinear coherent states 7 

where A n \ = A n A n _ x A n _ 2 ...A^ f(n)\ = f(n)f(n - l)/(n - 2).../(4), n! = n(n - l)(n - 
2). ..4, and A 3 ! = /(3)! = 3! = 1. In the new variables. Eq. Q2Z) read 

\ a f X) =C3 S^-^ — In). (29) 

This is known as generalized intelligent states. These are investigated with the value 
|A| = 1 in the following section. 

4. Nonlinear coherent states 

In this section, we deduce nonlinear coherent states from the generalized intelligent 
states by setting A = 1 in the latter. The eigenvalue equation for A with the 
eigenfunction \a, f) in the Hilbert space reads 

A\a,f) = a\a,f), a € C. (30) 

Since A = 1, we have AW = AP. Let 

oo 

\ a i f) = ^2 c n\n), n^l,2. (31) 

n=0 

Substituting Eq. fl31|) in Eq. (130]) . one gets 

oo oo 

y^c n A/n(n - l)(n - 3)[n - 1) = a^Cnln). (32) 

n=0 n=0 

Equating the coefficients of ip n in the above Eq. (1321) yields 



Cn+iv^ + 1 f(n + 1) = ac n (33) 

from which we find cq = and C3 is an arbitrary constant. To express c n in terms of C3 

we rewrite the recurrence relation (I33p in the form 

a , , 

c n -i. (34) 



/n /(n) 
From Eq. ( )34|) one can find 



-c 3 , n = 3, 4, 5, .... (35) 
>n\ f(n)\ 

The coherent states defined for the oscillator (J2]) do not contain the states with photon 
number less than three. The coherent states contain the states with photon number 
starting from three reads now 

x a n ~ 3 

n=3 v '"■ A 

To determine C3, we use the normalization condition (a, f\a, f) = 1 which in turn 
gives 

l^n![/(n)!]^ 



r:i ^^^" ) - (36) 
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Since C3 depends on a, /, we denote it as N . The nonlinear coherent states for the 
nonlinear oscillator Eq. ([7]) after appropriate normalization reads 

\a,f) = N(\a\ 2 )J2 iSrT, > )• (38) 



n=3 



hi f(n)l 



4-1. Completeness condition 



In this subsection, we investigate whether the nonlinear coherent states form a complete 
system of states in the Hilbert space or not. To establish this we invoke the completeness 
relation [36|l37] 
1 



7T 




\a,f)W(\a\ 2 )(aJ\d 2 a = J, (39) 



where H^(|a| 2 ) is a positive weight function and / is an identity operator. From fl39|) we 
obtain 

1 



7T 




\aJ)W{\a\ 2 ){aJ\$)d 2 a = (^|/|$). (40) 



Substituting \a,f) and its conjugate (vide Eq. (l38il ) in the left hand side of Eq. ( 1401) . 
we get (which we call G) 

G = if (#*)H$) - / [ a n - 3 a* m - 3 N 2 (\a\ 2 )W(\a\ 2 )d 2 a. (41) 
vr m ^ 3V ^!/(n)!/(m)!y Jc 

Taking a = re te , one can separate the real and imaginary parts and obtain 

G=-f (#*)(m|$) /"°°iV 2 (r 2 )r" +m - 6 iy(r 2 )rdr [*" e^-^dB. (42) 

7r m ^ 3V ^!/(n)!/(m)!y 7o 

Since the second integral vanishes except n = m we can bring Eq. (142)) to the form 

y Mw)(n|$) [°° N 2 (r 2 )r 2n - 6 W(r 2 )2rdr. (43) 
^ n! [/(n)!] 2 7o 

Taking r 2 = x and using the identities hi — ^ and [/(n)!] 2 = [(n — l)(n — 3)]!, we find 

G = t 6 <^'"><"^> f .-W^,)*. (44) 
^— ' nl[(n - l)(n - 3)J! Jo 



n=3 

Choosing N 2 (x)W(x) = lx n ~ 4n+7 K n 2 -5n+3(2a;), the integral on the right hand side 
in (144]) can be brought to the form J °° x n2 ~ 3n+A K n 2_ 5n+3 (2x)dx which can be integrated 
in terms of gamma functions [3E], namely \T{n 2 — An + 3)T(n + 1). As a result one gets 

00 

G = ^(V>|n)(n|$). (45) 

n=3 

We mention here that the nonlinear coherent states contain the states with photon 
number greater than or equal to three. As a consequence Eq. (14"o"|) turns out to be a 
projector for which the state n = is excluded. 



Nonlinear coherent states 9 
4-2. Photon statistical properties of nonlinear coherent states \a, f) 

Having constructed the nonlinear coherent states and studied its completeness, in this 
subsection, we study certain statistical properties, namely, (1) the photon number 
distribution, (2) sub-Poissonian function and (3) the correlation function, associated 
with these nonlinear coherent states. 

The photon number distribution P(ri) of the nonlinear coherent states is defined 
by HU 

P(n) = \(n\aJ)\ 2 . (46) 
From (1381) we find 

ft![/(n)!] 2 

We plot the photon number distribution as a function of n in Fig. [Ha). 

To confirm the sub-Poissonian statistics exhibited by our non classical states, we 
evaluate the Mandel parameter [39] 

(An) 2 - (ft) (ft 2 ) - (ft) 2 - (ft) (ft 2 ) 

g = — W) — = — W) — = W " ( } " ( } 

which should be negative (Q < 0) ^DHH]. First let us calculate (ft): 

°° io„ Ul 2 "- 6 

(ft) = (a, /|ft|a, /) = N 2 "I? oYi' ( 49 ) 

^— ^ n\(n — l)!(n — 3)! 

Substituting the value of N (vide Eq. ( 13?)) ) in f H9|) and redefining p = n — 3 in the 
resultant expression, we get 

(p + 3)\a\ 2 P 



E 

p=0 



p!(p + 2)!(p + 3)! 



<*> = ^ M » = 3 Iasot] ' (50) 

^p!(p + 2)!(p + 3)! 
where we have used the identity [38] 

a a a a x (ai)fc(a2)fc---(ap)fc:£ fc , v T(a + A;) 

We plot the mean photon number (ft) as a function of r(= |a| 2 ) for the nonlinear 
coherent states (1381) in Fig. [TJ(b). 
In a similar fashion we find 



Substituting (ft 2 ) and (ft) in (TJHD, we get 

q = 3 f ^ 3 S 4; 3; 3; 3; \ al 2 - x ;r' ? ? : r:,( i - (53) 



1^3(4; 3, 3, 4; 


a\ 


2 ) 


iF 3 (3;3,3,4;| 


a\ 


2 ) 
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The Mandel parameter Q is depicted in Fig. [TJc) which confirms the sub-Poissonian 
statistics established by the nonlinear coherent states for all values of r (= \a\ 2 ). 

The quantity which determines bunching and anti-bunching of a state of the 



radiation field is simply decided by the second order correlation function 
which is defined by 

(n 2 ) — (h) 



Using Q5DJ and ([52]) we find 

S (2) (0) = 



iF 3 (3;3,3,4; 


a 


2 ) 


iW; 3, 3, 4; 


a 


2 ) 



(n) 2 



1 

w 



iF 3 (4;3,3,3; 


a 


2 ) 


1^3(4; 3, 3, 4; 


a 


2 ) 



(54) 



(55) 




o> -1.0 



Figure 1. The plots of (a) photon number distribution P(n), (b) mean photon number 
(h) (denoted as N), (c) Mandel parameter Q and (d) the second order correlation 
function g 2 (0) (denoted as g) of nonlinear coherent states (|38[) . 



We depict the values of ^^(0) in Fig. [TJd). It is clear from Fig. QJd) that since 
gW < i f or r > 0, the Fock space states describing the light field is antibunched. In 
other words the nonlinear coherent states form a Sub-Poissonian statistics. 

Finally, we mention here that one can also express the mean photon number (n), 
Mandel parameter Q and the second order correlation function g^(0) in terms of 
normalization constant iV(|a| 2 ) as well [36|I4*2]. To implement this, we redefine \a\ 2 = y 
so that iV 2 (|a| 2 ) = M{y). In this case Eqs. ( |50|) . (148]) and (!54"j) can be expressed in 
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terms of N(y) of the form 

<n> =^ + 3 ' (56) 
5 ( j " \yM\y) + 3A%)y I yW{y) + 3A/"(y) + ^ ' ^ 

respectively. 

5. Gazeau-Klauder coherent states 

In this section, we construct Gazeau-Klauder coherent states [21] for the Eq. (J2J). To 
begin with, we consider the Hamiltonian H satisfying the Schrodinger equation 

H\n) = e n \n), e n = nf 2 (n). (59) 
The Hamiltonian H can be factorized in the number basis as 

H = B*B, (60) 
where B\ B are the creation and annihilation operators, respectively defined by [31] 

B = Ae^n ~ e n -i) > B \ = e -il{e n - e n -i)it ) 7 G M . ( 61 ) 

They act on the states |n) as 

B|n) = s/e^j^-^-^n - 1), J3^|n) = ^/e^[e- il{ - en+1 - en) \n + 1). (62) 

The Gazeau-Klauder coherent states \z,j) are defined as the eigenstates of 
annihilation operator B. They satisfy the eigenvalue equation [21] 

B\z,i) = z\z,i), zeC. (63) 

Substituting 

oo 

k,7> = $>», n^l,2, (64) 

n=0 

in Eq. ( 1631) and equating the coefficients of ip n in the resultant equation we get 

c„+iv/i^Te^ e " +1 - e ") = zc n . (65) 
From fl65l) . we find Co = and one can express c n in terms of C3 as 

c " = 7W7w C3 ' (66) 

with e ra = n(n — l)(n — 3). We mention here that the coherent states defined for the 
Hamiltonian (15 9p do not contain the states with photon number less than three. The 
coherent states contain the states with photon number starting from three reads now 

M) = iV(|z| 2 )^ 6 - |n). (67) 
^ Vnl f(n)\ 
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To determine N(\z\ 2 ), we use the normalization condition, (z, 7^,7) = 1, which in turn 
yields 

( 00 \A 2n ~ % v 1/2 

^ (N2)= vS« ! if( n w) ' (68) 

It is clear that the nonlinear coherent states are continuous in z G C and are 
temperorally stable under the evolution operator. The latter can be confirmed by 
verifying the condition 

e- i " t \z; 1 ) = \z, 1 ~+t). (69) 

To confirm the Gazeau-Klauder coherent states resolve the identity one must find 
a measure d/i(z) = W(\z\ 2 )d 2 z such that [36] 

1 J jjz; 1 )w(\z\ 2 )(z; 1 \d 2 z = i, (70) 

where the integration should be carried over the entire complex plane. Now let us 
evaluate From f lTOj) we have 

1 



7T 




\z, 1 )W(\z\ 2 )(z, 1 \<S>}d 2 z=(m$)- (71) 



Substituting \z, 7) and its conjugate in (1711) . we get 



1 (^n)(m|$) f f z n-3 z *m-3ft2n z .2^,, 12)^ = /^|/|$\ (?2) 

vr ^„ /(n)!/(m)! 7 7c 



m,n=3 



The integral on the left hand side in Eq. (172]) can be evaluated along the same lines 
as given in Eqs. (j42l) - (jHJ). As a result one can bring the left hand side of Eq. (T72|) 
to the form Yl^Lsi^l 71 ) ( n \®) • I* 1 this case also, the final expression turns out to be a 
projector for which the the ground state |0) is excluded. 

Using Eq. (165|) . one can obtain the action identity [21] 

(z77l#K7> = kl 2 - (73) 
The function e n = nf 2 (n) has zeroes at n = 0,1 and 3. Since we have zeroes 
in the operators, the Fock space breaks up into a countable number of irreducible 
representations. As cited in [22] if the zeroes are simple zeroes, some of the reduced 
pieces do not allow a unitary representation and the associated coherent states cannot 
be expressed as Klauder-Perelomov's one. 

We find that the photon number distribution P(n) for the Gazeau-Klauder coherent 
states of the nonlinear oscillator ([2]) in the form 

N 2 (\z\ 2 )\z\ 2n - G 

P(n) = \(n\z, 1 }\ 2 = jVU ;V'"' , (74) 

where we have used ( 1671) to calculate P{n). The Mandel parameter, Q, and the second 
order correlation function, g( 2 \0), turns out to be 



Q Hi^(4;3^4;|zP) ^(3; 3, 3^ |*|*) J (?5) 

(2) / 1 F 3 (3;3,3,4;|z| 2 ) \ ^(4; 3, 3, 3; \z\ 2 ) _ 1\ 

9 [> V 1 K(4;3,3,4;kP)M 1 ^(4;3,3,4;kP) 3 ) 1 ] 
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respectively. For \z\ > we find Q < and these negative values of Q indicate that the 
Gazeau-Klauder coherent states possess sub-Poissonian distribution. Again for \z\ > 
we find g^ 2 \0) < 1 which in turn confirms the anti-bunching of the light field. 

6. Even and odd nonlinear coherent states 

In this section, we construct even and odd nonlinear coherent states [32] for the 
Schrodinger equation (j2J). The even and odd nonlinear coherent states are the 
symmetric and antisymmetric combination of the nonlinear coherent states. They 
are two orthonormalized eigenstates of the square of the annihilation operator and 
essentially have two kinds of nonclassical effects: the even nonlinear coherent states 
have a squeezing but no anti-bunching while the odd nonlinear coherent states have 
an anti-bunching but no squeezing. The even and odd nonlinear coherent states [33] 
defined as the eigenstates of A 2 : 

iV> = c#>- (77) 

Substituting \ip) = Yl^=o c n\ n )i n 7^ 1,2 in Eq. (J77j) and expanding we get 

00 00 

J2 c n ^n(n - l)/(n)/(n - l)\n - 2) = a ^ c». (78) 

n=0 n=0 

From ( 1751) we find the constant Co = 0. 

To determine the value of the rest of the coefficients we proceed as follows. Equating 
the coefficients of ip n in Eq. ( 1751) and denoting 

F(n) = y/n + lf(n + l)f(n + 2) (79) 
in that expression we find a relation between c n+ 2 and c n of the form 

Vn + 2 F(n)c n+2 = ac n , (80) 
from which we obtain 

y/n F(n - 2)c n = ac n - 2 . (81) 

In the case n is an even number, we can redefine n = 2n and fix 

a 

° 2n = V2^F(2n-2) C2n - 2 - (82) 
Evaluating C2 n _2 m terms of C2 n -i and so on, one can find the value of the even number 
coefficients as 

a n - 2 , s 

c 2n = — . C4. (83) 

v /2n.(2n-2).(2n-4)...6 F(2n - 2)F(2n - A)F(2n - 6)...F(4) 

On the other hand n is an odd number we can redefine n = 2n + 1 and fix 

a 

C2n+1 = /o—TTTPfo 7\ c in-i- (84) 

y/2n + U (2n — 1) 

Now evaluating C2 n -i in terms of c 2n -3 and so on we find the value of the odd number 
coefficients as 



° 2n+1 ~ y/(2n + l)(2n- l)(2n-3).75F(2n- l)F(2n-3)...F(3) C3 ' 
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For simplicity we redefine the constants c 2 „ and c 2n +i as 

a n-2 a n-2 
C2n = C 4 , C 2n +1 = i _______ =— C 3 , (86) 

y (2n)!! F(2n - 2)!! y (2n + 1)!! F(2n - 1)!! 

where 

(2n)!! =27i.(2n-2).(2n-4)...6, (87) 
F(2n - 2)!! = F{2n - 2)F(2n - 4)F(2n - 6)...F(4), (88) 

(2n + l)l! =(2n + l).(2n-l).(2n-3)...5, (89) 
F(2n - 1)!! = F(2n - l)F(2n - 3)...F(3). (90) 

As a result, one gets even and odd nonlinear coherent states for the Eq. fl2]) 
respectively of the form 

F, +> = c 4 ^ ^_ : |2n>, (91) 



Of, 



«=2 ^/(2ra)!! F(2n-2)!! 



Of, 



F, -} = c 3 J2 1 : |2n + 1), (92) 

«=i y(2n + l)!!F(2n-l))!! 

where F(1)H = 3!! = I. 

The constants c±(= N e ) and Cs(= N ) can be fixed easily through the normalization 
procedure {a, F, ±|a, F, ±) = 1, which turns out to be 

V^(2n)!! [F(2n-2)!!]V \^(2n + l)!! [F(2n - l))!!] 2 / 

The photon number distribution and mean photon number of even nonlinear 
coherent states, turns out to be 



(n) = N = 4 



P C- 9 9 3 5 5. H 2 \ 
r 5\, 4, 4, 2 i 2i 2> 64 / 



p /.o o J 5 5. [or N 
) 5\5 5*-'5 2' 2' 2 ' 64 / . 

P(2n) = | (2n\a, F, +) | 2 = - ^' e J^' . (94) 



. O 1 o \ — -"j 2 ) 2' 2' 64 

a^h 2 "- ; 

(2n)!! [F(2n-2)!!] 2 

We find the Mandel parameter, Q and the second order correlation function, g^ 2 \0) 
of even nonlinear coherent states of the form 

q _ d A F e(3; 2,2,2, |,|,|;^) \ ^ / oFsQ 2, 2, |, |, f; M-) \ ^ 

I F r- 9 9 3 5 5. M 2 \ / I p /. o q 3 5 5. M 2 \ / ' 

\ 0^51) z ; z ; 2 ' 2' 2' 64 J / \ ° r 5 V' Z ' °> 2 ' 2 ' 2 ' 64 J / 

2/qx = f qF 5 (;2,3,|,|,|; / iF 6 (3; 2, 2, 2, f, §, §; M-) _ l\ 

I p^.99355. H 2 \ II p /. 9 9 3 5 5. M 2 \ 4 I ^ ' 

2, 2, 2, -q±)J \ 0-^51, 4,4, 21 2> 2' "64~J / 

respectively. 

We plot the mean photon number (n), Mandel parameter, Q, and the second order 
correlation function, g^ 2 \0) as a function of r(= (|a| 2 ) for the even nonlinear coherent 
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states (pTIi) in Fig. |2^a),(b),(c) and (d) respectively. The Mandel parameter Q and the 
second order correlation function, g^ 2 \0) depicted in Fig. W[c) and (d) confirm the sub- 
Poissonian statistics established by the even nonlinear coherent states for all positive 
values of r 



\a\ 




o> -1.0 



Figure 2. The plots of (a) photon number distribution P(n), (b) mean photon number 
((n)), (c) Mandel parameter Q and (d) the second order correlation function g 2 (0) 
(denoted as g) of even nonlinear coherent states (|9TT) . 



Whereas photon number distribution, mean photon number, Mandel parameter, 
Q, and the second order correlation function, <7^(0) of odd nonlinear coherent states, 
turns out to be 

p (■ 9 9 I 3 3. M 2 ' 

0^511 ^; 2 ' 2' 2' 64 




13 5. H 2 ' 
> "> "j 2> 2' 2' 64 



o-FK; 2, 2 



= |(2n + l|a,F,-)| 2 

p/5.o o 1 3 3 3. |q| 2 
l-fpl 2 ' ' ' 2 ' 2 ' 2 ' 2 ' 64 

TP (■ 9 9 I 3 §■ I"! 2 

0^51) Z > Z 5 9 5 9 5 9 ) fiA 



iV 2 |a| 2 "- 2 



oF s (;2,2 



i "i "i 2' 2' 2' 64 

13 5. Hf. 
'"'"'2'2'2' 64 



13 3. 
'"'"'2'2'2' 64 



0^:2,2 




p/.o o 1 3 3. H 2 \ 
0^51; ^ 2 ' 2' 2' 64 > 

P (• 9 9 I 3 5 - l"l 2 1 

0- f 5l) z '! Z, )9)959) a J 



- 1, 



\i "i "i 2' 2' 2' 64 

1 3 3 3. 
.2' 2' 2> 2' 2' 64 



'^2,2, 



0^:2,2 



13 3. jap- 
'"'"'2'2'2' 64 



(96) 



respectively. We plot the mean photon number (n), Mandel parameter, Q, and the 
second order correlation function, g^ 2 \0) as a function of r(= \a\ 2 ) for the odd nonlinear 
coherent states ( 19"B"|) in Fig. |3(a),(b),(c) and (d) respectively. The Mandel parameter Q 
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and the second order correlation function, g( 2 \0) depicted in Fig. [3^c) and (d) confirm 
the sub-Poissonian statistics established by the odd nonlinear coherent states for the 
values of r > 0. 




Figure 3. The plots of (a) photon number distribution P(n) , (b) mean photon 
number ((n)), (c) Mandel parameter Q and (d) the second order correlation function 
g 2 (0) (denoted as g) of odd nonlinear coherent states 1|92|). 



7. /-deformed coherent states for position dependent mass nonlinear 
oscillator 

Using point canonical transformation method, Kraenkel and Senthilvelan |3], have shown 
that the position dependent mass Schrodinger equation 

1 d ' 1 d ^ (y) 1 V(»)r l A! l ) = E ll r li[!l ). (07) 




where 

is also exactly solvable. In the above m(y) is the mass distribution function which 
depends on the coordinate y. The authors have obtained the eigenfunctions and energy 
eigenvalues of (197)1 in the form 

My) =AT n m 1 / 4 (y) ^|^ ) 2 ) ) e~T, E n = E n = -? + n, n = 0, 3, 4, . . . , (99) 
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For the sake of illustration the authors have considered three different types of mass 
distributions which are often being considered in semiconductor physics and constructed 
bound state energies and wavefunctions for these cases. 

In the following, we consider the position dependent mass Schrodinger equation 
(197p associated with the nonlinear oscillator and construct its nonlinear coherent states. 

To determine the deformed ladder operators A, A^ we recall the definitions 

Aip n = Ci(n)^ n _ 



-1: 



(100) 



A^ n = c 2 (n)ip n+1 , (101) 

with ip n given in ( 1991) . Assuming, A and A 1 are of the same forms ( flOl) and ( TTTT) and 
demanding that they should satisfy the conditions (jlOOj) and (110 II) we find that the 
deformed ladder operators A and A^ be of the form 



V2A 



V2M 



2{2rf 



I) 



(l + 2r/ 2 ) 2 
2(1-2^) 

2Y2~ 



1 



d 



[1 + 2 V 



d 



+ 



+ 



1 



d 



m 



(y) dy 



+ 



+ 



1 d 



+ r] 



n. 



'm 



(y)dy 



+ r] 



n. 



(102) 



(103) 



We mention here that to determine these two operators one needs to derive two 
recurrence relations in the P-Hermite polynomials of the form 

2(2?7 2 - 1) 



n - 1 + 



n + 



v l + 2r/ 2 ) 2 
2(2r/ 2 - 1 



VMv)) + n( V - <j>)V n {Ti{y)) = 2n(n - 3)V n -My)), (104) 



1 + 277 



2\2 



K(v(y)) + n (v + fyVniviy)) = nV n +i{v{y)), 



(105) 



where 



^ and rj(y) is given in Eq. ( |98j) . 



-V+ (l+2»? 2 ) 

It is now a simple matter to verify 

Mn 
A^ n 



n f(n) Vn-i, 
Vn + 1 f(n + 1) i> n+ i, 



(106) 
(107) 



with f{n) = (n — l)(n — 3). 

Since the deformed ladder operators for the PDMSE ( l97l) are also of the same 
form as in the case of constant mass Schrodinger equation, except the presence of 
position dependent mass terms, the intelligent states and nonlinear coherent states for 
Eq. (1971) can be constructed in the same way as in the constant mass case. The resultant 
expressions read 



\ot,f, A) = c 3 ^2 



A, 



71=3 



n\f(n) 



and 



\a,f) = Nj2 



n— 3 



n=3 



n\f(n)\ 



;ios) 



(109) 
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In the above, the arbitrary constant N, can be fixed by the normalization procedure 
which turns out to be 



OO , ,o_ a \ -1/2 



2n-6 



N \^ 3 n\[f(nW) ' (110) 

The Gazeau-Klauder coherent states for position dependent mass Schrodinger 
equation ([§81 read 

oo n _3 

iz; 7 ) = iv(|z| 2 )^ * j n . an) 



n=3 



with 



^■ISsnfeoipJ • (112) 

The even and odd nonlinear coherent states for the Eq. fl98l) can also be constructed 
along the same line as given in the constant mass case. The resultant expressions read 

°° a n ~ 2 

\a,F,+) = N e J2 z ^n, (113) 

n=2 J{2n)\\ F(2n-2)!! 



\a,F,-)=N Q J2 I ~ tm+i, (H4) 

«=i y(2n + l)!! F(2n- 1))!! 

where the normalization constants N e and iV e are given by 

iVe= ~ ^ = E '( 115 ) 

(2n)!! [F(2n - 2)!!]V (2n + 1)!! [F(2n - l))!!] 2 / 

respectively 
7.1. Example: 

In the following, we consider a specific mass profile and give the explicit forms of the 
nonlinear coherent states for the position dependent mass Schrodinger equation ( |98|) . 
Let us consider the mass profile [43] 

(7 + 
[i + y 2 

which is found to be useful for studying transport properties in semiconductors [MJE5] • 
We also note that the normalization constant is the same as the constant mass 
Schrodinger equation (J2J). Substituting (11161) in the Eq. fl97j) we get 

1 d f (l + y 2 ) 2 d\ If 2 8(2^-1) \ ( 7 -l)(3y 4 + 2(2- 7 ) j/ 2 -7) l - 
2dy\( 1 + y^dy) + 2 { V + (1 + 2rf)* ) 2( 7 + y 2 ) 4 J WJ 

= Ej n {y), (117) 



m (^) = 7i — i — 2Y2 ' ^ = cons t an ti (116) 
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where r)(y) is given by 

v(y) = / m5 (y)dy = y + (7 — l)tan -1 ?/, — 00 < 77(2/) < 00. (H8) 



The coherent states given in Eqs. ( ITOgj) . f fT09|) . (TTTTfl . f fTT3|) and f TTT4j) yield 

n f\\ r V A7 + l/ 2 ) 2 V /4 ^)e-^ niq , 

a ' ; ' A) - C3 g7^l(rTwJ OTW (119) 



a 



— a^ 3 /(7 + Z/ 2 ) 2 \ V4 ^n(r/)e-^ 



n=3 



aJ) ^ N hvWM\T^f) T+VT (120) 



n=2 ^(2n)!! F(2(n- 1))!! 



,p M ±-ri (i^) ,/4 !W(|)i±. (123) 

where iV(|a| 2 ), iV(|2;| 2 ), Af e and are given in Eqs. (11 101) . (j!12p and fll 15j) respectively. 



8. Conclusion 



In this paper, we have considered the newly solvable nonlinear oscillator that is related 
to the isotonic oscillator and constructed nonlinear coherent states for it. Deviating from 
the conventional way, the ladder operators for this exactly solvable quantum system have 
been derived from the solution of the Schrodinger equation. Two recursion relations 
involving "P-Hermite polynomial have been derived to obtain the ladder operators. The 
same methodology has been adopted to explore the generalized/deformed annihilation 
and creation operators for the position dependent mass Schrodinger equation also. We 
have also shown that these operators satisfy the Heisenberg algebra in the Fock space. 
We found that the nonlinearity function f(n) in the Fock space becomes zero at two 
values. As a consequence, the generalized intelligent states and nonlinear coherent 
states constructed by us decomposes into two sub-sets in the Fock space. We have also 
constructed the generalized intelligent states, Gazeau-Klauder coherent states and even 
and odd nonlinear coherent states for this system. Further, we have studied the Hilbert 
space properties and certain nonclassical properties of these nonlinear coherent states. In 
addition to the above, we have considered position dependent mass Schrodinger equation 
associated with the Eq. (j2J) and constructed nonlinear coherent states, even and odd 
nonlinear coherent states, Gazeau-Klauder coherent states for it. This is motivated from 
the fact that in a wide variety of physical problems an effective mass depending on the 
position is of utmost relevance. To cite one such situation, in the nanofabrication of 
semiconductor devices, one observes quantum wells with very thin layers. The effective 
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mass of an electron hole in the thin layered quantum wells varies with the composition 
rate. In such systems, the mass of the electron may change with the composition rate, 
which depends on the position. As a consequence, attempts have been made to analyze 
such PDMSE and their underlying properties for a number of potentials and masses. 
One such mass profile which is found to be useful for studying transport properties in 
semiconductors is f 1 1 1 6 j) . We have given explicit expressions for these nonlinear coherent 
states for this mass profile. The results obtained in this paper will give deep insights 
into geometrical properties of the nonlinear oscillator potential (OQ). 

Appendix A. Recurrence Relations 

In this section we derive two basic recurrence relations which are useful in constructing 
ladder operators for the system ([5]). To begin with we recall the Hermite differential 
equation, 

H'n-2xH' n + 2nH n = 0, (A.l) 
and two of its associated recurrence relations, that is 

H' n = 2nH n _ l , (A.2) 



2xH n = H n+1 + 2nH n _ 1 , 



(A.3) 



where prime denotes differentiation with respect to x. In Ref. [T], the authors have 
introduced a new family of polynomials V n (x) (vide Eq. (8) in Ref. [1]) defined by 



V n {x) = H n + AnH n _ 2 + 4n(n - 3)# n _ 4 , 



n 



3,4,5, 



V'jx) = 4n(l + 2x 2 )H 1 



and 



V n (x)e' 



-2- 



d 



n—3 



H n -3 2 

-e 



1 + 2x 2 



(1 + 2x 2 ) 2 dx 
Substituting Eqs. fTA~2|) and (IA~3|) in dA~6]) we get 

VJx) = 2(1 + 2x 2 )H n _ 2 + 8xH n ^ 3 . 



n — 3,4, 5, 



(A.4) 
(A.5) 

(A.6) 
(A.7) 



As our aim is to obtain a recurrence relation that connects V n (x) with VAx) and 



V n -\{x), we revoke Eq. ( 1A.6I) in the form 



V n - X {x)e x 



d 



Hn-A - x 2 

e 



(1 + 2x 2 ) 2 dx |_(1 + 2x 2 ) 

Substituting f[Ql) in ( [Oil , we find 

V n - X (x)e-^ 1 d 



n = 4, 5, 6, . . . 



(1 + 2x 2 ) 2 



(n — 3) dx 



H' 



(1 + 2x 2 ) 



n 



4,5,6, 



With the help of flA.2[) and (1A.3|) . Eq. ( 1A.9j) can be brought to the form 



(n - 3)V n -t{x) = [2n(l + 2x 2 ) - (6 + Ax 2 )]H n ^ - 4xH n _ 2 , 



n 



4,5,6, 



(Ai 



(A.9) 



(A.10) 
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Multiplying Eq. flA~7j) by 2x and Eq. (TATTO!) by (1 + 2x 2 ) and adding the latter two 
equations and simplifying the resultant expression we arrive at 



2x 



-V n (x) + (n- 3)P n -!(x) = 2(1 + 2x 2 



n — 



3 + 4x 4 
'l + 2x 2 ) 2 



H, 



n—3- 



(A.11) 



{l + 2x 2 ' 

Now multiplying Eq. (lA.llj) by 2n and using flA.51) in it, one can obtain a recurrence 
relation which conects V' n {x) with V n and V n -i, namely 

2(2x 2 - 1)' 



n - 1 + 



'l + 2x 



2\2 



where we have defined 



V n {x) + n{x - </>)V n (x) = 2n(n - 3)V n ^(x), 
Ax 



(A.12) 



x + 



1 + 2a; 2 

Now we derive the second recurrence relation which connects V n (x) with V n (x) and 
V n+ i(x). To do so we consider Eq. (1A.6j) in the form 



V n+ i(x)e x ' 
(1 + 2x 2 ) 2 



dx 



H n -2 - x 2 

-e 



n = 2,3,4,... 



(A.13) 



;i + 2x 2 ) 

Substituting Eqs. (IA.2j) and flA.3j) in (IA.13j) and simplifying it we obtain 

V n+1 {x) = -A{n - 2)(1 + 2x 2 )H n _ 3 + 2(x + 0)(1 + 2x 2 )H n _ 2 . (A.14) 

Multiplying Eq. ( 1A.7I) by (x + 0) and subtracting it from ( 1A.14I) and simplifying the 
resultant expression, one obtains 

V n+1 (x) - (x + 4>)V n (x) = -4(1 + 2x 2 ) // + 



2(2x 2 - 1) 



2x 



2\2 



H. 



n—3 - 



(A.15) 



Now one can replace Hermite polynomial H n ^ in (1A.15I) by V' n (x) (vide Eq. (1A.5j) ). 
As a result one gets 

2f2x 2 — 1)1 

H+ (l + 2x 2 ) 2 K^)+n(x + (f>)V n (x) = nV n+1 (x). (A.16) 
Recurrence relations (1A.12j) and (1A.16j) can be used to construct the ladder operators. 
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